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The six simplest modes of motion are considered and three rotational effects
investigated:
(i) The effect of the rotation of the earth.

(i1) The effect of the rotation of the container.

(iii} The effect of the rotation of the liquid within the container.

The first two are shown to be equivalent for motion in a paraboloid, and the last
two are also equivalent when the paraboloid is circular. In the case of an elliptic
paraboloid the last is rather more difficult and one must first derive a solution of
the non-linear equations representing ‘elliptic rotation’ and then consider devia-
tions from it.

The changes in frequency consequent on the rotation are derived in all three
cases for all six modes. In the case of the earth’s rotation the disposition and
character of the amphidromic (nodal) points and the amphidromic waves that
rotate round these points are investigated in detail. One mode is particularly
interesting because it has four amphidromic points, the waves rotate in a positive
sense around two of these and in a negative sense round the other two.

1. Introduction

Previous treatments of the effect of the earth’s rotation on shallow water
motions in other than axially symmetric basins have generally led to a great deal
of involved theory, see for example Taylor (1920), Proudman (1928), Corkan &
Doodson (1952) and recently Van Dantzig & Lauwerier (1962). The elliptic
paraboloid seems to be the simplest of such basins to deal with because the
solutions are polynomials in the spatial co-ordinates and the frequency equation
isalgebraicinstead of transcendental (this was pointed out by Goldsbrough 1930
in the case of no rotation). Furthermore, the elliptic paraboloid is at least as good
an approximation to many naturally occurring bodies of water as is, for instance,
a rectangle or ellipse of constant depth favoured by earlier theorists. The disposi-
tion and character of the ‘tidal’ waves and amphidromic (nodal) points in such
a basin, and the effect of rotation on the frequencies of oscillation have immediate
practical relevance in the study of actual lakes (see Platzman & Rao 1963) and
possibly also in the study of partially enclosed seas.

The lower modes are likely to be of the most importance from a practical point
of view, since they are the ones most easily excited, and they are also the easiest
to treat theoretically. Accordingly we consider in detail only the two lower
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groups of modes; these are the ‘displacement’ modes that involve a motion of
the centre of gravity of the liquid and in which the horizontal velocities are
functions of time only (they have been described in part previously, see Ball
1963 a, b) and the ‘deformation’ modes that involve uniform rotation, expansion
and distortion of the liquid and in which the spatial derivatives of the velocities
are functions of time only. We could, of course, extend the analysis and consider
the next group of modes in which the velocities are quadratic functions of the
spatial co-ordinates, the second derivatives then being functions of time only.

Three rotational effects are considered:

(i) The effect of the earth’s rotation; this introduces Coriolis terms without
corresponding centripetal terms.

(ii) The effect of rotation of the elliptic container; this introduces both
Coriolis terms and centripetal terms.

(iii) The effect of the rotation of the liquid relative to the elliptic container.

The first two of these are essentially equivalent (for motion in a paraboloid);
results for one can be converted into results for the other merely by redefining
certain constants (a relationship which could be useful for the application of
laboratory experiments). The last is rather more difficult and one must first
derive a solution of the non-linear equations representing ‘elliptic rotation’ and
then consider deviations from it. It is a problem that does not arise when one is
considering axially symmetric basins ((ii) and (iii) are then equivalent) and does
not appear to have been discussed previously, but is of some geophysical interest
since most naturally occurring bodies of water do in fact possess horizontal
circulations (usually wind driven).

2. Formulation
The equation of the underlying surface is

2 = Haat+ ) (2.)
the equation of continuity, for a liquid of depth #, is
Dh|Dt + h(ou]éx + ov[oy) = 0, (2.2)
and the equations of motion in the absence of rotation are
Du|Dt +g(chjéx+ax) =0 (2.3)
and Dv[Dt+g(ch|oy + By) = 0. (2.4)

If we take account of the earth’s rotation then Coriolis terms must be introduced
without corresponding centripetal terms, since the latter are absorbed in the
value for g. The equations of motion then become

Du|Dt +g(oh]ex + ax) = fo, (2.5)
and Duv|Dt +g(ohley + By) = — fu, (2.6)

where fis the Coriolis parameter of the earth’s rotation and is equal to 2£2sin6;
¢ being the latitude and Q the angular velocity of the earth. However, if the
basin is rotating with constant angular velocity w and axes are taken which
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rotate with the basin, then centripetal and Coriolis terms are present and the
equations of motion become

Du/Dt + g[oh|ox + (¢ — w?[g)x] = 2wy, (2.7)
and Dv|Dt+gloh|oy + (B~ w?(g)y] = — 2wu. (2.8)
Equations (2.7) and (2.8) become identical to equations (2.5) and (2.6) if we make
the transformation a—wtg>a, f—wg—>p, 20->]. (2.9)

Any result derived from equations (2.5) and (2.6) can therefore always be
reinterpreted as a result for (2.7) and (2.8) (and vice versa). In particular we
cannot have a statie solution for (2.5) and (2.6), with a finite volume of liquid, if
either o or f is not positive; correspondingly we cannot have a static solution for
(2.7) and (2.8) if either ag < w?or fg < w?. In the former case the liquid collapses
under gravity and in the latter under the influence of centrifugal forces.

3. Displacement modes

It was shown by Ball (1963 a) that the exact solution of the non-linear equations
(2.2), (2.5) and (2.6) for simple displacement modes is given by

u=dX|dt, v=dY|dt, (3.1)
and h=H-Ioax—-X)2+Ly—Y)?; (3.2)

where H is a constant and X and Y (the co-ordinates of the centre of gravity of
the liquid) are functions of time only which satisfy the ordinary linear differential

equations 42X |de* + g X = fdY|ds, (3.3)
and d2Y [dt? + pg¥ = — fd X [dt. (3.4)
The frequencies of these modes (v) are therefore given by

(2 —ag) (v* - Bg) = v¥f?, (3.5)

a result that is independent of the volume of liquid in the basin. This equation
has the same form as the approximate frequency equation derived by Lamb
(1932, §212a) for the lowest modes of a rotating rectangular basin of uniform
depth.

In the absence of rotation the frequencies of these modes are (axg)} and (8g)?,
each mode involving displacement parallel to one of the principal axes of the
elliptical container with the other principal axis as a nodal linet (as indicated
schematically in figure 1). Each mode also exerts an oscillatory transverse force
on the container and can be generated by transverse oscillation with appropriate
frequency or by a sudden transverse motion of the container.

The earth’s rotation does not alter the product of the roots of (3.5), one must
therefore be increased and the other decreased in frequency. In fact we find that
the frequency of the low frequency mode is decreased and the liquid particles
instead of moving parallel to the major axis now move in ellipses whose major
axes are parallel to that of the basin. The direction of motion is anticlockwise (in

T These are true nodal lines only when the amplitude is small; the non-linear terms give
a small oscillation in depth of twice the frequency of the normal mode.
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the northern hemisphere) and the nodal line is replaced by a ‘positive’ amphi-
dromic point at the centre of the ellipse (i.e. about which the cotidal lines and
amphidromic wave rotate in a positive sense). This type of motion is observed
for the low frequency mode in Lake Erie (see Platzman & Rao 1963). Opposite
conditions prevail for the high frequency mode; its frequency is increased, the
particles instead of moving parallel to the minor axis of the basin now move
clockwise in ellipses whose major axes are parallel to the minor axis of the basin.

(]
Y 1

Ficure 1. Displacement modes: {(a) low frequency (longitudinal) mode; (b) high frequency
(transverse) mode. In each case the small ellipse gives the nodal line in the absence of
rotation and the large ellipse gives the sequence of ‘instantaneous nodal lines’ when the
system is rotating anticlockwise. The direction of rotation of these lines round the central
amphidromic point is indicated by an arrow.

The nodal line is replaced by a ‘negative’ amphidromic point (see figure 1). Both
of these modes now have an oscillatory angular momentum and exert an oscil-
latory couple on the basin with a frequency of twice that of the normal mode.

It is of interest to compare these simple results with previous work. The change
in frequencies is in agreement with the rule of ‘repulsion of frequencies’ (Rayleigh
1903). The existence of a negative amphidromic point is in disagreement with
Taylor’s (1920) conjecture that amphidromic points should always be positive.
It is, however, in agreement with later work by Jeffreys (1925), and the whole
pattern of co-tidal lines is qualitatively very similar to those derived by Goldstein



Effect of rotation on liquid in a paraboloid 533

(1929) for analogous modes of motion in an elliptic basin of constant depth,
though the present analysis is a great deal less complicated.

In the case of a circular basin, without rotation, the normal modes are to some
extent arbitrary and there are no unique normal modes to be obtained by allowing
both the ellipticity of the container and the rotation to tend to zero. If we first
let f— 0 and secondly let « > #, then the modes we obtain are simply two trans-
verse oscillations at right angles to one another; whereas if we let « - £ and then
let f— 0, the modes we obtain are two rotations of opposite sense. This means
that the modes of a nearly circular basin are very sensitive to changes in the
degree of rotation and eilipticity.

If the basin is rotating with angular velocity w, then by applying the trans-
formation (2.9), we find the appropriate frequency equation

(V2 —ag + w?) (V2 - fg + 0% = 420?, (3.6)

and the situation is substantially the same asin the previous case. On the other
hand the rotation of the liquid within the container has no effect on the frequency
equation because it was shown by Ball (1963a) that equations (3.3) and (3.4) are
independent of any (shallow water) motion that the liquid may possess relative
to its centre of gravity.

4. The deformation modes

It is clear from the form of the non-linear equations (2.2), (2.5) and (2.6) that
it is possible to find exact solutions in which the velocities are linear functions,
and the depth is a quadratic function of x and y; the coefficients of the poly-
nomials being functions of time. The derivatives of the velocities with respect to
x and y will then be functions of time only, i.e. the deformation, and in particular
the vorticity and expansion, will be uniform. The linearized perturbation
equations are a great deal simpler than the full equations and are adequate to
determine the effect of the earth’s rotation or the rotation of the basin on the
deformation modes. It is only in the last case to be considered, that is the
rotation of the liquid within the basin, that we need consider the non-linear
equations and this is dealt with in §7.

The perturbation equations corresponding to equations (2.2), (2.5) and (2.6)
can be written

onjot + o(hgu)/ox + o(hyv)/oy = 0, (4.1)
fufit+ g onjox = fo, (4.2)
ot +g onloy = —fu, (4.3)

where we have put h = k,+ 9 and &, is the static equilibrium depth given by
hy = Hy— Hax?+ fy?). (4.4)

We now search for solutions of the form

u = A,x+ By, (4.5)
v=A,x+ By, (4.6)

and 7 = 5y — ${ax®+ 2exy + by?), (4.7)
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where A,, B, A,, By, 74, @, b and ¢ are functions of time only. If these expressions
are substituted into equations (4.1)-(4.3) and coefficients equated, we obtain
8 simultaneous, first-order, ordinary linear differential equations in the 8

unknowns:
énoldt+(A1+ By )Hy =0, dajéet+(34,+By)o =0,

ebjot+(A,+3B,)f =0, dcjot+Bya+A,p=0,
¢A,|ct—ag = fA,, OB,Jot—cqg = fB,,
04,/ct—cg = —fA,, oB,/ét—bg = —fB,.
It is rather more informative when investigating the geometry of the motions
described by equations (4.8), to consider the variables

(4.8)

X = oujéx+ dv/éy = A, + B, (expansion),

g

L = oujox—ov[ey = A, — B,
M = evfox+ ouldy = A, + B,

i

ovjex—ouldy = A,—B;  (vorticity), (4.9)

I

} (distortion). J

The interpretation of iy as the rate of increase of horizontal area of a fluid element
and of { as twice the angular velocity of an element is well known. The compo-
nents L, M of the distortion are less familiar but also have a simple geometric
interpretation. L is a measure of the rate at which a fluid element is becoming
elliptical, the principal axes of the ellipse being parallel to the axes of co-ordinates,
M is a similar measure, the axes of the ellipse now being at 45 degrees to the axes
of co-ordinates.

By eliminating 7,, @, b and ¢ from (4.8) and using the new independent variables
(4.9) we find

dgjdt+fx = 0, (4.10)

d2y/di2 + 2x(a+ ) g+ L(a— ) g —fdLdt = 0, (4.11)

d2L)dt? + 2x(a— B)g + Lia + f)g—fdM [dt = 0, (4.12)

and M d2+ M(a+f)g—~Ea—pB)g+fdLljdt = 0, (4.13)

and the four equations (4.10)-(4.13) now contain only four dependent variables
g, x, L and M. If we seek a solution of frequency v we find

v{vt—v23(a+ B)g + Bafg?] V2 — (a + B)g)
—2f2[v4 —v22(a + B) g + 2af9%] + v3f4} = 0. (4.14)

This equation gives the frequencies of the (four) modes of uniform deformation
and is (like the corresponding equation for the displacement modes) independent
of the volume of liquid in the basin.

Let us first consider what happens when there is no rotation (i.e. f = 0), we
then have the four roots

v = bg{8(a+ ) — [+ B)* + 8la— )}, (4.15)

v = 3g{3(c+ B) + [(a+ B)* + Bl — A)1H), (4.16)

Vi =g(a+p), (4.17)

and vy = 0. (4.18)
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The first three of these modes were described by Goldsbrough (1930). The last
one (v = 0), which is necessarily rotational, does not seem to have been described
previously except in the case of a circular paraboloid (Miles & Ball 1963). We will
subsequently (§7) be particularly concerned with the non-linear solution
corresponding to this mode.

(@)

b0 C

Ficure 2. Oscillatory deformation modes: (a) low-frequency ‘ distortional’ mode; (b) high-
frequency ‘expansional’ mode; (c) high-frequency ‘distortional’ mode. In each case the
small ellipse gives the nodal lines in the absence of rotation and the large ellipse gives the
sequence of ‘instantaneous nodal lines’ when the system is rotating anticlockwise. The
direction of rotation of these lines round the amphidromic points is indicated by arrows.
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In the first two of these modes we have, from equations (4.10) and (4.13),
with f equal to zero, £=0 and M =0

whence ¢ =0 (from equations (4.8)).

The elliptical periphery of the liquid therefore always has its principal axis
parallel to those of the basin. One of these modes (the low-frequency one (4.15))
is predominantly ‘distortional’; the minor axis of the liquid contracts as the
major axis expands. The nodal lines are hyperbolic arcs intersecting the major
axis of the ellipse (see figure 2). On the other hand the high-frequency mode
(4.18) is predominantly ‘expansional’; the principal axes of the liquid expand
and contract together and the nodal line is a complete ellipse of greater eccen-
tricity than the periphery of the liquid. In the case of extreme ellipticity the
distinction between these modes on the basis of their degree of distortion and
expansion is no longer very significant. The low-frequency mode becomes almost
entirely longitudinal, with two nodes, and the high-frequency mode becomes
largely transverse with the nodal ellipse almost touching the periphery at the
ends of the major axis. There is consequently a region of almost stagnant liquid
at each ‘end’ of the ellipse. Neither of these modes possess angular momentum
and there is no couple exerted by or on the container.

The third mode (4.17) is purely distortional, since equations (4.9)—(4.13) imply
that ¢, x, L, 7, @ and b are all zero, leaving M and c as the only non-vanishing
dependent variables. The principal axes of the ellipse are now the nodal lines and,
to a first approximation, the elliptical periphery of the liquid does not change
shape but executes an oscillatory rotation about its centre. This mode is inter-
esting because, unlike the others, it is associated with an oscillatory angular
momentum and a corresponding oscillatory couple exerted on (or by) the basin
(provided « & #). Inthe case of a circular basin the first and third modes become
similar (as remarked by Goldsbrough 1930).

The fourth mode is unigque (among those here discussed) because it involves
a perturbation of the vorticity {; however, x, L, 7,4, @, b and c are all zero. This
mode, in fact, is merely an infinitesimal ‘elliptic rotation’ without any change
in shape of the liquid. It cannot be generated except by some process that can
generate vorticity (usually involving friction). In §7 we shall determine the
change in shape of the liquid when the elliptic rotation is finite and subsequently
determine the effect of such a rotation on the frequencies of the other modes.

5. The effect of the earth’s rotation

The effect of the earth’s rotation on these modes, or on corresponding modes
in other types of basin, does not seem to have been described previously (except
for some discussion of the change in frequency); a fairly detailed description is
therefore given. Because of the simplicity of the solutions it is possible to do this
without numerical computation though the algebra is a little tedious. To deter-
mine the effect of rotation on the frequencies it is convenient to express the
frequency equation (4.14) in dimensionless form. We define the dimensionless

frequency o by o? = v¥/(ag + fBg), (5.1)
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and two dimensionless constants

N2 = f2/(ag + fg), (5.2)
and QP =1+8a+p/)?*(x+f) (1< <3) (5.3)
The constant N is a measure of the degree of rotation and, for realistic values
of x and g, is usually less than 10-1, The constant @ is a measure of the ellipticity
of the basin and ranges from unity, when the basin is circular, to a limiting value
of three when the basin is extremely elliptical.
If the root v = 0, whose value is unchanged by rotation, is omitted, equation
(4.14) in dimensionless form becomes

F =[0'-30%+ }H9—-Q*][02—1]—-N?20%— 402+ }(9—-Q?)] +02N* =0, (5.4)
and the three roots, when N = 0, are
0i=1338-Q), of=403+Q), oi=1 (5.5)
Using the Descartes rule of signs and observing that
sgnF = — +, +, -, +
for 02=0, }3-@), 1, 33+4Q), o,

we infer that the roots of (5.4) lie in the intervals (0, (3 —@)), (1, (34 @)) and
(3(3+ @), c). The two higher frequency roots are therefore increased in frequency
by the earth’s rotation whereas the lowest frequency root is decreased in frequency
again in agreement with Rayleigh’s rule of repulsion of frequencies.

When the ellipticity is large by comparison with the rotation, i.e. when

-

Q@—1> N, (5.6)
it is easy to show that the approximate roots of (5.4) are
02 = 1(3—-Q)—1N2(3Q+1)(3—Q)/(Q2—Q), (5.7)
0% = 3(3+Q)+1N2(3Q-1)(3+Q)/(Q*+Q), (5.8)
and 0% =1+iN3(7+Q%/(Q2-1), (5.9)

in agreement with the qualitative conclusions reached in the preceding para-
graph. This approximation for the high frequency root o, is valid for the whole
range of ¢ and in fact gives exact values for the root when ¢ = 1 or when @ — 3.
The approximations for the other two roots are clearly invalid when the inequality
(5.6) is not satisfied. A rather unwieldy approximation for these roots, valid for
small N over the whole range of @, can be found by using the known approxima-
tion for the high frequency root o, and determining the sum and product of the
other two roots from the coeflicients of (5.4). We then find

oi+0f = H5-Q)+iN*5Q%+3)/(Q*+Q), (5.10)
oiol = 18- Q12+ N¥Q - 1)¥/(Q*+Q)], (5.11)
and the roots are therefore given by
0% = {5 -Q+IN*(5Q + 3)/(@* + Q)
+[(Q—1)2+N2(3+Q)(1+8Q - Q3)/(@*+Q)1F}. (5.12)
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The properties of these modes, mentioned in the previous section, are modified
by the presence of rotation. For instance, the first two modes, which in the
absence of rotation have zero values of ¢, M and ¢, no longer have this property;
there is a small amplitude (dependent on f) oscillation of these quantities.
Furthermore, the angular momentum of the liquid also oscillates in value,
implying an oscillatory couple acting on the basin. In the third mode the
quantities §, v, L, 1y, @ and b are no longer zero but again oscillate with an
amplitude dependent on f.

These three modes, instead of having nodal lines, have two or four amphi-
dromic points, the positions of which may be determined by setting oy/éf equal
to zero. Differentiating (4.7) with respect to time and eliminating #,, @, b and ¢
by using equations (4.8) we obtain

dyjdt = — xHy + {ox¥(2x + L) + zy[ M (o + B) — L — B)] + By*(2x — L)} (5.13)

The quantities M and {, which ocecur in the coefficient of zy in (5.13), differ in
phase by im from x and L; consequently d7/d¢ cannot vanish at all times unless
both zy and the sum of the remaining terms are zero. We can express y in terms
of L by using (4.10) and (4.11) to give

XUf2+2(x+ f)g—1?] = L(B—a)g, (5.14)

and we suppose that the major axis of the ellipse is in the z direction so that the
coefficient of L on the right-hand side of (5.14) is positive. The condition for the
vanishing of the y, L terms in (5.13) is therefore

sa@™(f2— v+ 45g) + By (v —f*—dag) = (f—a) Hyg, (5.15)

and the amphidromic points occur at the points of intersection of the conic (5.15)
with the axes (zy = 0).

In the case of the first mode we have shown that the frequency is reduced by
the earth’s rotation and is therefore less than v, of equation (4.15); so that in the
coefficient of 22 in (5.15) we have

fr=vi+4fg > 4fg—vi = 39{5 — 3o+ [(a+ B)*+ 8(F~)?]},  (5.16)
which is clearly positive (# > «). Similarly for the coefficient of y2
V- f2—dag <vi-dag = dg(3f~Sa—[(a+ 2 +8(f—-a)]l),  (5.17)

which is clearly negative. The conic (5.15) is therefore a hyperbola that intersects
the z-axis; furthermore, the points of intersection, as may easily be shown, always
lie within the liquid. The first mode therefore has fwo amphidromic points on
the major axis of the container, which incidentally are posilive as in the case of
the low-frequency displacement mode (see figure 2 (a)). There is now a double
‘tide’ rotating positively round the periphery of the basin. In the limiting case
of a circular basin the two amphidromic points coalesce at the centre to produce
a double positive amphidromic point.

In the case of the second mode, where the frequency is increased by rotation,
we can show by similar reasoning that the conic (5.15) is an ellipse which inter-
sects the axes at four points that always lie within the liquid. There are therefore
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Sfour amphidromic points of which the two on the y-axis are negative (in agreement
with the orbital motion of the liquid particles), whereas the two on the x-axis
are anomalously positive (see figure 2 (b)), thus providing a simple example of
a single mode with amphidromic points of both senses. In the limiting case of
a circular basin the amphidromic points are replaced by a circular nodal line.

In the case of the third mode, where the frequency is again increased by
rotation, the conic (5.15) may be a hyperbola that intersects the z-axis or an
ellipse which, however, intersects the y-axis outside the region occupied by the
liquid. There are therefore, as in the case of the first mode, just two amphidromic
points. These points are now negative so that there is a double tide that rotates
negatively round the periphery of the liquid (see figure 2 (¢)). In the limiting case
of a circular basin the two amphidromic points coalesce at the centre of the basin
to produce a double negative amphidromic point.

Each of these modes has a null point (marked N in figure 2) at the centre of
the basin, where both the velocity and the slope of the free surface vanish at all
times. Topological considerations suggest that adjacent amphidromic points of
the same sign must always be separated by a null point and adjacent amphi-
dromic points not so separated must be of opposite sign.

These three modes have another important property in common, namely that
each liquid column has the same potential vorticity ({+f)/# during the course of
its motion as it would have if at rest in its equilibrium position. This is an im-
mediate consequence of the conservative property of potential vorticity

D(E+f)[k) Dt = 0,
the ‘perturbation’ expression for which, in this particular case, is

d[g—fnolHyl/dt = 0,

and since we are considering a purely oscillatory solution we must have

§—fno/Hy = 0.

These modes can therefore be generated by simple processes that do not involve
transfer of vorticity to the liquid, for instance, appropriate variation of (atmo-
spheric) pressure on the free surface or an appropriate motion of the elliptic
basin (earthquake).

The fourth mode, of zero frequency, is again an infinitesimal ‘elliptic rotation’
relative to the basin; it also involves a slight spreading of the liquid if the rotation
is ‘cyclonic’ (i.e. { and f have the same sign) and a slight contraction if ‘anti-
cyclonic’, as is evident from equations (4.8). The perturbation of the potential
vorticity at the centre of the liquid is {— fr,/H, and we also have

Ano/H = aje+b]p
by virtue of volume conservation. Then from (4.8) we find

E—fnolHo = {1 +7%[29(¢+ A1}

which is never zero. This mode can therefore be generated only by processes
which transfer vorticity to the liquid.
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6. The effect of rotation of the basin
The corresponding results for a rotating basin are perhaps most easily derived
by transforming equation (4.14) in the way indicated in (2.9). We then obtain
[Vt —3vig(a + ) + 8g*a ] [v?2 — g + B)]
+40?[v?—2g(a + )] {0* —g(a+f)] = 0, (6.1)
or in dimensionless form, using the quantities defined by equations (5.1)-(5.3)
(with f = 20), we obtain
[0t —302+ 19— @*)]{0?*—-1]—N3(1—-1N?) (62-2) = 0. (6.2)
We need consider only the case where
$(9-@% > N(1-}N?) > 0, (6.3)

for if this condition is not satisfied static equilibrium is impossible (i.e. either
ag < w?or fg < w?, as may be seen by returning to the definitions of @2 (5.3) and
NZ%(5.2)). Using the Descartes rule of signs we can then make exactly the same
inferences about (6.2) as we did about (5.4).

When the inequality (5.6) is also satisfied the approximate roots of (6.2) can

be written oF = }(3—Q)— N*Q@+ 1)/(@*—Q), (6.4)
o5 =3(3+Q)+NYQ-1)/(@*+Q), (6.5)
of = 1+ 4N%(Q2—1), (6.6)

where, as before, the approximate form for ¢% is valid for the whole range of
whereas the other results are limited to the conditions under which the inequality
(5.6) is satisfied. In particular, when @ is unity (i.e. the basin is circular) the
frequency of high-frequency mode (o,) is independent of rotation (as previously
pointed out by Miles & Ball 1963).

Once again we can determine an approximate formula for o and o4 which is
valid over the whole range of @ by using the approximation for o, (equation (6.5))
and deducing from the coefficients of equation (6.2) that

oi+03 = 35-Q)-N¥Q-1)/(@*+Q), (6.7)
and 103 = §(3-Q) - N*(3Q - 1)/(@*+ Q). (6.8)
whence
0% = Hb5—Q—2NYQ - 1)/(Q*+ Q) £ [(Q — 1)+ 4N2(Q*+ 6Q + 1)/(Q*+ @)1}
(6.9)

The various properties of these modes are very similar to those of the modes
described in the preceding section and will not be discussed further.

7. Non-linear solution with uniform deformation

The main object of this section is the determination of an exact solution of
the non-linear equations (2.2), (2.5) and (2.6) representing elliptic rotation. This
solution is given by equations (7.11), (7.12) and (7.14)-(7.17) and is all that is
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requiréd in §8; however, for completeness, it is indicated briefly how more

general non-linear solutions can be found. If we substitute the expressions

(4.5)—~(4.7) for w, v and 3 (y = h—h,, see equation (4.4)) into the non-linear

equations (2.2), (2.5) and (2.6), and equate coefficients, we again obtain

8 simultaneous, first-order, ordinary differential equations for the 8 unknowns,
the equations now being non-linear. They are

dA,[dt —ag—fA,+ A3+ Ay B, = 0,

dB,/dt—cg—fB;+A,B,+B,B, = 0,

dA,/dt—cg+fA,+ A, 4,4+ A3 B, = 0,

dB,/dt—bg+fB,+A,B, + B} = 0, |

dnoldt + Hy(A, + By) +19(4, + By) = 0,

dajdt + (34, + B,) +a(34,+ B,) + 2cA4, = 0,

dbldt+ (A +3By) +b(A,+3B,)+2cB, = 0

and dejdt+aB,+ A, +aB,+bA,+2c(4,+ B,) = 0.

(7.1)

The first three terms in each equation are linear in the dependent variables and
are the same as the terms of equations (4.8), the additional terms are all non-
linear (quadratic). It is a simple matter to determine numerically the solution
of this set of equations with any given initial conditions. Furthermore, these
equations have three integrals expressing constancy of volume, energy and
peripheral circulation (angular momentum is not constant because of the possi-
bility of the elliptical container exerting a couple in the liquid, as has been
remarked previously).

It is more convenient and informative to use the variables defined by (4.9)
together with

s=a+fB+a+b, r=a—-f+a-b, q=2c; (7.2)
in terms of these variables equations (7.1) become

djdt+xC+fx = 0, (

dy/dt+35(x*+ L+ M2 - ) —sg + (2 + f)g —fE = 0, (

dLjdt+xL —rg+{a—p)g—fM = 0, (

dMdt+xM —qq+fL = 0, (

dne/dt + x(Hy + 1) = 0, (

dsjdt +2ys+ Lr+ Mg = 0, (

dridt+2xr+Ls+{g =0, (

dgldt+2xq+ Ms—{r = 0. (7.10)

Various special solutions of these equations can easily be found and these will
be discussed elsewhere; we are at present interested only in the steady-state
solution. On this assumption equation (7.7) implies that

X:O, (7.11)
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since the central depth, H,+ 5,, cannot be zero. Equation (7.3) is then auto-
matically satisfied and (7.5) and (7.6) become

rg = (a—pB)g—fM, (7.12)

and q9 = fL. (7.13)
Equation (7.8) now reduces to Lie—fB)g =0,

whence L =0 (since o+ f), (7.14)

qg=20, (7.15)

and equation (7.9) is automatically satisfied. Equations (7.4)and (7.10) reduce to

HME-E)—sg+(a+p)g—fE=0, (7.16)

and Ms = r, (7.17)

which, together with (7.12), if we suppose the vorticity to be given, suffice to
determine s, » and M. Eliminating » and M we obtain a cubic in sg + f¢ which,
for realistic values of {, has only one real root; there is therefore a unique steady
solution (elliptic rotation) with given vorticity. If the container is circular
(o = B), then M = 0, and we obtain the more familiar case of circular rotation,
with the spread of the liquid consequent on its rotation being given by

8g = 209 —fC—3C* (from (7.16));

decrease in s corresponds to an increase in spread of the liquid. If the container
is not rotating (f = 0) then = a — £ and the free surface of the liquid is a circular
paraboloid, despite the fact that it rotates within an elliptic basin. The curvature
of this paraboloid is, however, somewhat less than that produced by circular
rotation with the same vorticity.

8. The effect of finite elliptic rotation

We now investigate the effect of rotation of the liquid within the elliptic basin
on the frequencies of the other deformation modes, assuming that the basin itself
is not rotating and neglecting the rotation of the earth.

If we take elliptic rotation as our basic solution, indicated by suffix 0, and
consider perturbations from it, equations (7.3) to (7.10) become

dg¢’jdt + x5, = 0, (8.1)

dxjdt+ M'My—§'E—s'g=0, (8.2)
dLjdt—r'g = 0, (8.3)

dM'dt +xMy—qg = 0, (8.4)
dofdt + xHy = 0, (8.5)

ds’|dt +2xsq+ Lry+qMy = 0, (8.6)
dr'[dt + 2xre+ Lsg+98, = 0, (8.7)

and dg/di +8' My+ M'sg—r'{y—'rg = 0. (8.8)
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These equations have a steady state (zero frequency) solution for which y, L, r’
and q are zero. This merely represents an infinitesimal change in the degree of
elliptic rotation and corresponds to the fourth mode of our previous solutions.
If we disregard this solution the remaining modes of uniform deformation are
determined by

d?x/d®+ 2x(a + B) g+ L{a — f) g+ 2qMyg = O, (8.9)
d2L{de? + 2x(a— ) g+ Lsyg+ 99 = 0, (8.10)
and d?q[di* + Lis, §o— Mo(ot — B)]+ q[2(cc + B) g — 8091 = 0. (8.11)

These equations may be derived by eliminating ¢', M’, s’ and ' from (8.1)—(8.3)
and (8.5)—(8.8) and simplifying slightly by using equations (7.12), (7.16) and
(7.17) with f = 0. The frequency equation is therefore given by

2(a+B)g—v? (a—Bg 2M,g |
2(a—p)g Sog —V* Cog =0. (8.12)
0 SoGo— Mol —f) 2+ B)g — 899 — V2 |

On the assumption that {2 <€ (a+f)g, the approximate solution of (7.12),
(7.16) and (7.17) is

a3 - 6 (220) - gaee-, (8.13)
and 5o = [ot+ B1[1 ~ N2L(9 — Q3)], (8.14)
where N2 is now defined by N2 = &&/(ag + fg), (8.15)

and @ is as defined previously (5.3). Using these values in expanding the
determinant (8.12) and expressing the result in dimensionless form, we find

= [0 =302+ 19— Q)] [0* — 1]~ IN%(9 — @) [0 — 2+ §(@2— 1)] = 0. (8.16)
Observing that when
o?=0, $3-Q), IB-(1+@3%, 1, }3+Q), oo,

SngFiS -, +, +, +, ) +, ("13—1>Q2>1),
or — +, +1 i ) +7 ('§2>Q2>_1§1‘),
or ] ] +, T T +, (9>Q2>§§9‘)

we infer that in the range of ellipticities 1+ > @2 > 1the mode of lowest frequency
is decreased and the other two modes are increased in frequency by elliptic
rotation (this rotational effect is qualitatively the same as in the previous cases).
In the range 42 > @2 > 1! the mode of highest frequency is increased and the
other two modes are decreased in frequency, whereas in the range of large
ellipticity, 9 > @% > 42, the middle mode is decreased and the other two modes
are increased in frequency. The approximate roots, provided the inequality (5.6)
is satisfied, are

13- Q)— N29— @) (@ +1) (7—3Q)/[32Q(Q - 1)}, (8.17)
=%(‘¥+Q)+N2(9 @3 (@~ 1) (7+3Q)/[32Q(Q + 1)), (8.18)
o3 = 1+ N39— Q%) (11 - 3Q2)/[16(Q2— 1)]. (8.19)

An approximate result analogous to (5.12) or (6.9) can also be derived.
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9. Higher modes

We can investigate the nth group of higher modes by assuming that & is an
nth degree polynomial in « and y, and that the velocities are (n—1)th degree
polynomials. By substituting into the perturbation form of equations (2.2), (2.5)
and (2.6) and equating coefficients we obtain 3n+ 1 equations involving the
3n + 1 coefticients of the highest degree terms in the polynomials. These equations
form a determinate set on their own and lead to a (3n+ 1)th degree frequency
equation. The vorticity is an (n — 2)th degree polynomial in « and y, and, in the
absence of rotation, conservation of vorticity implies that the vorticity is zero
for oscillatory modes and constant (with respect to time) for the zero frequency
modes. There are n — 1 terms of degree n — 2 in the polynomial for the vorticity,
indicating that there are n — 1 independent modes of zero frequency, most simply
defined by supposing that each mode involves the vanishing of all except one of
these coefficients. The remaining 2n + 2 roots of the frequency equation occur in
equal pairs of opposite sign corresponding to n+1 oscillatory modes. In the
absence of rotation we therefore have n+ 1 oscillatory modes with no vorticity and
n— 1 modes with constant vorticity and zero frequency.

When rotation is introduced the behaviour of the system depends to some
extent on the parity of n. If nisodd, the » — 1 modes, formerly of zero frequency,
occur as equal pairs of opposite sign to produce 3{n — 1) oscillatory modes, giving
a total of }(3n+ 1) oscillatory modes. If n is even, then n—2 of the modes,
formerly of zero frequency, occur as equal pairs of opposite sign to produce
4(n — 2) oscillatory modes, giving a total of 3n oscillatory modes. The remaining
mode still has zero frequency, this mode corresponds to elliptic rotation when
n = 2.

Some of the preceding remarks are exemplified by the cubic modes (n = 3).
When there is no rotation there are four oscillatory modes and two modes of zero
frequency, the latter modes leaving the free surface undisturbed. The nodal lines
of each oscillatory mode consist of one or other of the principal axes of the basin
together with either an ellipse or a hyperbola, the four possible combinations
corresponding to the four modes. The modes of zero frequency each consist of
two equal and opposite circulation cells, in one case separated by the minor axis
and in the other case by the major axis of the basin.

When the system is rotating the frequency equation is

[v¥(6ag + g+ f2—v?) (ag + 689 + 2 —v®) — aBg?f?] [(Bag — v?) (349 — v®) — v?f?]
+36(8 —a)2afgtv? =0

and the two modes formerly of zero frequency, appear as a pair whose frequencies
are equal but of opposite sign, corresponding to a single oscillatory mode of
arbitrary phase. This additional mode is of low frequency (v < f) and therefore
of the second class (see Lamb 1932, § 223); it still leaves the free surface almost
undisturbed. Very good approximation to this and higher second-class modes
can be obtained when the rotation is small by assuming that there is a rigid upper
boundary to the liquid. Attention is thereby confined to the second-class modes,
because the first-class modes depend for their existence on gravitational restoring
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forcesresulting from the deformation of the free surface, whereas the second-class
modes merely require a gradient of potential vorticity within the liquid. The
second-class modes will be discussed in more detail in a later paper where it will
be shown that elliptic rotation is unstable in some circumstances.

This work was completed while the author held a fellowship at the Australian
National University.
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